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Abstract. To any automorphism, a, of a totally disconnected, locally com- 
pact group, G, there is associated a compact, a-stablo subgroup of G, here 
called the nub of a, on which the action of a is topologically transitive. Topo- 
logically transitive actions of automorphisms of compact groups have been 
studied extensively in topological dynamics and results obtained transfer, via 
the nub, to the study of automorphisms of general locally compact groups. 

A new proof that the contraction group of a is dense in the nub is given, 
but it is seen that the two-sided contraction group need not be dense. It is also 
shown that each pair (G,a), with G compact and a topologically transitive, 
is an inverse limit of pairs that have 'finite depth' and that analogues of the 
Schreier Refinement and Jordan-Holder Theorems hold for pairs with finite 
depth. 



1. Introduction 

The automorphisms of a group reveal aspects of its structure, and the present 
paper extends previous work in [21 [28l [311 E2] on automorphisms of totally dis- 
connected, locally compact groups. Associated with each automorphism, a, of the 
totally disconnected, locally compact group, G, there is a compact, a-stable sub- 
group of G here called the nub of a. This paper has two aims: to answer questions 
from [2] and [32] about the relationship between the nub subgroup and other fea- 
tures of a; and to investigate the structure of the nub. Results and examples from 
topological dynamics found in [25] transfer and assist in meeting these aims. 

Concerning the first aim, it is seen in [5] that the contraction group corresponding 
to a is closed if and only if the nub of a is trivial. Similarly, the second step in the 
procedure for finding a subgroup tidy for a, described in [28l [311 [32] , is automatic 
if the nub is trivial. Section [4] below describes the relationship between the nub of 
a and the tidying procedure more fully. Several equivalent characterizations of the 
nub subgroup are also given in that section. 

A question left unresolved in [2] and [32] was whether the 'two-sided contraction 
group', that is, {x & G \ a^{x) — > Iq as |n| — > oo} is dense in the nub of a. A posi- 
tive answer to that question would simplify matters in those papers and in Scction[4] 
of this paper. In an attempt to answer the question, the author investigated the 
structure of the nub of a in more detail and the results of that investigation are re- 
ported in Sections [5] and [6] One of the outcomes is a new proof that the (one-sided) 
contraction group is dense in the nub: where the original proof in [2] relies on a 
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topological argument, the proof in Section [5] places more reliance on the algebraic 
structure. Another outcome may be seen in Theorems 16.191 and 16.201 which are 
a type of Schreier Refinement and Jordan- Holder Theorem for pairs {G,a), where 
G is a compact, totally disconnected group and a G Aut(G). Unfortunately (per- 
haps), it turned out that the 'two-sided' contraction group is not always dense in 
the nub subgroup, as Example 15.111 shows. 

The short Section [7] applies the structure theorems for the nub of a obtained 
in earlier sections to produce an abstract version of a technical result of J. Tits 
concerning automorphism groups of trees. 

As pointed out to me by Klaus Schmidt, much of the work in this paper, includ- 
ing Example 15.111 reproduces results that are already well-known in the topological 
dynamics literature, see the book [25] for results known prior to 1995 and [611191 [2T| 
for more recent work. The main contributions made here appear to be: the link 
made with the structure theory of non-compact, totally disconnected, locally com- 
pact groups; sharper and more algebraic formulations of some results, such as The- 
orems [6?19] and [620] vis-a-vis [25] Proposition 10.2]; and a different perspective and 
new methods of proof. Where possible, terms from the dynamical systems literature 
have been adopted. For example, the 'two-sided contraction group' is called the 
homoclinic subgroup. However, there is one important difference. Automorphisms 
that are called 'expansive' in the dynamical systems literature are here called 'finite 
depth': the term 'expansive' conveys a misleading intuition from the point of view 
of the group structure theory while, on the other hand, 'finite depth' suggests the 
analogy that motivates Theorems 16.191 and 16.201 

The next two Sections[2]and[3]review the main concepts from the structure theory 
of totally disconnected, locally compact groups and from topological dynamics that 
will be needed in the rest of the paper. 

2. Automorphisms in Structure Theory and Ergodic Theory 

The results in this paper are at the interface between the structure theory of 
totally disconnected, locally compact groups and the theory of ergodic actions by 
group automorphisms, and relevant concepts from these theories are recalled here. 
Key examples that may be used to illustrate ideas in both theories are defined first. 

2.1. Product groups and shifts. For each finite group F, 

: = {/ : Z ^ F} 

is the direct product over Z. Equipped with the coordinatcwise product and product 
topology, is a compact, totally disconnected group. The following particular 
elements of Z will be referred to frequently. 

Point support: For f ^ F and n e Z, denote by [/]„ the clement of F^ such that 



Constants: The constant function on Z with value / will be denoted by / and the 
subgroup of constant functions, which is isomorphic to F, will be denoted by F_. 
The shift automorphism, a, of F^ is defined by 
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In many examples, F is the group {z | i G {0, 1, . . . , n — 1}} of integers under 
addition modulo n. This group is isomorphic to the cyclic group of order n and 
will be denoted C„. The ring structure on the integers modulo n will be used on 
occasion, and C„ will then denote this ring (which is a field when n is prime). 

Two (T-stablc subgroups of F'^ will be referred to frequently. 
The direct sum F will be identified with the subgroup of F^ consisting of 
functions with finite support and denoted by i^I^l. Then i^I^l is generated by the 
elements /[„] (/ G F, n G Z) and is a dense subgroup of F^. 

The restricted sum [F'^ ) © ^) ^^^^ ^® identified with the subgroup of F^ 

consisting of functions whose support is contained in (— cx),n] for some n G Z and 
denoted by Then F^^ is a dense subgroup of F^. It is a non-compact, totally 

disconnected, locally compact group when equipped with the topology in which all 
subgroups f^"""'"] are compact and open. 

It will often be convenient to consider pairs (G, a), where G is a compact group 
and a G Aut(G), as objects in a category in which morphisms, : (G, a) (H, f3), 
are group homomorphisms, (p : G ^ H, that intertwine a and /3. It is shown in 
later sections how general objects in this category may be described in terms of 
shifts (F^,cr). 

2.2. Totally disconnected, locally compact groups and the scale. Each 
totally disconnected, locally compact group has a base of neighbourhoods of the 
identity consisting of compact, open subgroups, see [S1[T2]. Such subgroups will be 
denoted V, W, ... and 

B{G) := {V I F < G is compact and open} . 

Since an open subgroup of a compact group has finite index, any two subgroups in 
B{G) are commensurable^ that is, their intersection has finite index in both. This 
allows a positive integer to be associated with each automorphism of G, as follows. 

Definition 2.1. The scale of the automorphism a is the positive integer 

s{a) := mm{[a{V) : a{V) r\V]\V £ B{G)} . 

A subgroup, V, at which the minimum is attained is minimizing for a. 

When G has a compact, open, normal subgroup all inner automorphisms have 
scale 1. The scale can be a useful tool for investigating general totally disconnected, 
locally compact groups that do not have such a subgroup, see [T51 [^150] . 

Applications of the concepts of scale and minimizing subgroup, in [51 115] for 
instance, depend on the following structural characterization of minimizing sub- 
groups, which is proved in ^51151] . 

Theorem 2.2 (The Structure of Minimizing Subgroups). Let a be an automor- 
phism of G. For each V G B{G) put 

V+= f] a^V) and V- = f] a-'=(F). 

fc>0 fc>0 

Then V is minimizing for a if and only if 
TA(a): V ^ V+V- and 

TB(a): V++ ;= Ufc>o"''(^+) and := [j^^^ a-'' (V-) are closed. 
If V is minimizing for a, then s{a) ~ [a(V+) : V+]. □ 
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A subgroup satisfying TA(a) is said to be tidy above for a and one satisfying TB(a) 
is tidy below. A subgroup satisfying TA(q;) and TB(q;) is tidy for a so that the 
theorem may be restated as V is minimizing for a if and only if it is tidy for a. 
The proof of Theorem 12.21 uses a certain procedure for finding subgroups tidy for 
a that is discussed further in Remark 14.131 

To iUustrate these ideas, the only subgroup of that is minimizing for a is the 
whole group and s((t) = 1. On the other hand, all compact, open subgroups 
of F^^ are minimizing for the shift automorphism a. Putting V = F^~°°'"'\ we 
have V+ = {!}, V- = V, s(cr) = 1 and s{cf-^) = \F\. 

The following result is [28l Lemma 1] . It is a key step in the proof of Theorem l2.2l 
above and will be applied in later sections to automorphisms of compact groups. 

Lemma 2.3. Let G be a totally disconnected, locally compact group and let a be 
an automorphism. Suppose that V is a compact, open subgroup of G. Then: 

(i) there is n ^ N such that Hfe^o '^'^(^) '■s l^'^dy above for a, and 

(ii) V+ has finite index in a(V+). 

□ 

The following useful criteria for an orbit to be contained in the tidy subgroup V 
may be found in }3H Lemma 3.2]. 

Lemma 2.4. Let V be tidy for a and x ^ V. 

(i) Lf X ^ V+ and {a"(a:)}„gN is bounded, then {a"{x)}nez < V. 

(ii) //{a"(x)}„gz is bounded, then {a"(a;)}„gz < V. 

□ 

2.3. Ergodic, or topologically transitive, actions by automorphisms. The 

action of a Borcl isomorphism, T, on a measure space, (A", /i), is ergodic if every 
T-stable Borel subset of X has either zero or full measure. Beginning with the 
conjecture of Paul Halmos [10] that a locally compact group having an automor- 
phism that acts ergodically for the Haar measure must be compact, there has been 
much interest in ergodic theory in the action of single automorphisms on locally 
compact groups. Halmos' conjecture was proved in [16] in the case of connected 
groups and in [T] for totally disconnected groups. A short proof of the totally 
disconnected case that uses the scale of the automorphism and associated ideas 
is given in [21]. An extension of Halmos' conjecture to finitely generated, abelian 
group of automorphisms acting ergodically is proved in [4] . 

With the proof of Halmos' conjecture, interest has shifted to ergodic actions of 
automorphisms of compact groups. The monograph [55] gives a full account of 
progress up to 1995. Among the numerous publications that have appeared since 
are [6] [21] [19]. 

The action of the shift a on the product F^ is ergodic. The restriction of a to 
a closed, u-stable subgroup, G, of F^ gives rise to a subshift of finite type, see []. 
Every ergodic pair (G, a), with G compact and totally disconnected, is an inverse 
limit of subshifts of finite type, see [IS] Proposition 2.17] and also Proposition 15.31 
below. This key technique in the ergodic theoretic approach that seems to play the 
corresponding role to that of Lemma 12.31 above in the algebraic approach. 

Ergodicity of the pair (G, a) is equivalent to the condition of being topologically 
transitive, that is, there is x' e G such that the orbit {a"{x) \ n € Z} is dense. 
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see [25l Theorem 1.1]. Since the emphasis in this paper is on the algebraic and 
topological properties of automorphisms, the latter condition will be used here. 

3. Subgroups Associated with an Automorphism 

Several subgroups of G associated with the automorphism a have been studied 
in the literature. These subgroups and the relationships between them are recalled 
in this section and a consistent notation for them is introduced. 

Definition 3.1. Let a be an automorphism of the totally disconnected, locally 
compact group G. 

(i) The contraction group for a is 

con(a) := {a; G G | a"(a;) — > Iq as n oo} . 

(ii) The retraction group for a is 

ret(a) := Q | V G B{G) is tidy for a} . 

(iii) The bounded contraction group for a is 

bco(Q!) :— {x G con(a) | {a"(a;)}„<o has compact closure} . 

(iv) The two-sided contraction, or homoclinic group for a is 

con^(Q;) := con(a) n con(a^^). 

(v) The nuh group for a is 

nub(a) := Pi {1/ I 1/ G B{G) is tidy for a} . 

The term homoclinic subgroup in (|iv| comes from the ergodic theory literature, 
see [21], and will be adopted in this paper. 

The above definitions may be illustrated by considering the shift automorphism 
on G = F^, as defined in Subsection 12.11 In this case: con(CT) = F'^^ = bco(CT); 
ret(<T) = F"^ = nub(CT); and con<_>((T) — F^^\ Consider also the shift automorphism 
on G = In this case: con(cr) = = ret((T); and bco(cr) = con^((T) = 

nub(a) = {1}. Note that, in both of these examples, con(cr) is dense in ret(cr) and 
con<_j.((T) is dense in nub((T). It will be seen that the first of these statements holds 
for every automorphism but that the second does not. 

Several of these groups are clearly equal when G is compact. 

Proposition 3.2. Let G he a compact, totally disconnected group and a he an 
automorphism of G. Then: V < G is tidy for a if and only if it is a-stahle; 
con(a) = bco(a); and nub(a) = ret(Q!). □ 

Remark 3.3. (a) Contraction groups for an automorphism are important in repre- 
sentation theory, [531 HH] and the study of convolution semigroups, [TTJ|55]. Their 
role in the structure theory of totally disconnected, locally compact groups is worked 
out in [U [71 [131 [ID . A rather complete structure theorem for closed contraction 
groups, that is, when con (a) = ret(a), is proved in [5]. 

(h) The contraction group is a dense subgroup of the retraction group, as shown 
in [21 Theorem 3.26] for metrizable groups and in [13] in the general case. The 
contraction group is closed, and hence equal to the retraction group, if and only if 
nub(a) — {1}, which occurs if and only if bco(a) — {1}, see [2j Theorem 3.32(4)]. 
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(c) As a special case, it is shown in [21 Lemma 3.31(2)] that nub(a) is equal to the 
closure of bco(a) when G is metrizable. Also see Proposition 15 . 101 in this paper. 

(d) Lemma 3.28 in [2 shows that V— n V++ = Vb : = flnez for every sub- 
group tidy for a. Hence nub(Q;) = ret(Q;)nret(a~^). It is a natural question therefore 
whether con^(a) is dense in nub(a). Proposition 15.101 shows that the closure of 
con<_j.(Q;) contains the commutator subgroup of nub(a), but Example 15.111 shows 
that it may be a proper subgroup. 

The following additional subgroup associated with a was introduced in |32j . 

Definition 3.4. Let a G Aut(G') and V £ B{G). The bounded contraction group 
relative to V is 

rbco(a, V) : = {x e G \ 3N such that a" (a;) G V for all n > 

and {ct"(a;)}„<;Q has compact closurc| . 

This subgroup was used in an argument concerning multiple commuting automor- 
phisms for which it was necessary to characterize property TB(a) independently 
of TA{a). This characterization, established in Proposition 2.1], is that any 

compact, open subgroup containing P| |rbco(a,F) | V G B{G)^ is tidy belo\\Q. 

By definition, bco(a) ^ f] {rbco(a, V)\V e B{G)}. Hence 

(1) bco(a) < Pi |rbco(a, V) \ V G B{G)} . 

Section 21 returns to the question of characterizing property TB{a) independently 
of TA(a) and shows that both groups in ^ arc in fact equal to nub(a), thus 
simplifying some of the arguments in |32j . 

4. The Nub of an Automorphism and Tidy Subgroups 

Compact subgroups of G that are stable under a are the subject of this section, 
and it is seen that all such subgroups arc closely associated with subgroups tidy 
for a. Several characterizations of the nub are derived in addition, and the next 
few paragraphs explain the significance of these alternative characterizations. 

The terms 'tidy above' and 'tidy below' refer to a procedure for determining the 
scale of the automorphism a and finding a minimizing subgroup. This procedure 
starts with a given compact, open subgroup, V, and modifies it in several steps to 
produce a minimizing subgroup, see |28[ I31j. The aim at each step is to reduce the 
index [a{V) : a{V) n V]. 

In the first step, n is chosen as in Lemma El] to find V : = flLo "''(^) tl^at 
satisfies TA(a). This step reduces a{V) relative to a{V) n 1^ by cutting down V, 
thus making V 'tidy above'. 

The next step defines the group L to be the closure of 

Jff : = {x € G \ a"" (x) e V' for all but finitely many k} 

and shows that L is compact. 

The final step combines L with V' to obtain a compact, open subgroup that 
satisfies TB{a) as well. In the papers [55] and [3T] this is done in two different 



The subgroup rbco(o, V) is not the same as the contraction group modulo a compact, a-stable 
subgroup K studied in [2l ll3l[T4] . 
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ways that are described in Remark 14.131 This step increases a{V) D V relative to 
a{V) by adding elements to the intersection, thus making V 'tidy below'. 

As is apparent from its definition. L depends on the subgroup V' produced in 
the first step. Tidiness below cannot therefore be achieved by this procedure until 
after tidiness above. The main aim of this section is to show that nub(Q;). the 
intersection of all subgroups tidy for a, may be used in place of L irrespective of 
the subgroup V that is given. 

4.1. Tidiness and the nub. The next proposition is essentially [2l Lemma 3.31(3)] 
but, unlike the proof there, does not rely on non-triviality of con(Q!). 

Proposition 4.1. Let a be an automorphism of G. Then a compact, open subgroup 
that contains nub(a) and satisfies TA(q!) is tidy for a. 

Proof. Suppose that is a compact open subgroup of G with nub(Q;) < W and 
W = W+W-. Denote W+DW- = nnGz""(^) by Wq. Applying the tidying 
procedure to W it suffices, in order to see that W is tidy, to show that the subgroup 

if : = {x e G I a'°(a;) e Vl^ for all but finitely many k} 

is contained in W. 

Let X € Jtf and observe that there is fc S Z such that q;'^(x) S W+. Without loss 
of generality, suppose that x G W+. Since is a neighbourhood of nub(Q;), there 
is a subgroup V <W that is tidy for a. Next, since WqV is a neighbourhood of Wq 
and nn>o "~"(^+) — ^0 is an intersection of compact sets, there is an integer m 
such that a~^"-{W+) C WqV. Hence, replacing x by a~"^{x) for sufficiently large 
m, it may be supposed that x € WqV. Writing x = xqv, the orbit {a"(w)}„gz is 
bounded because a"(u) = a"(a;o)~^Q;"(a;) for each n. Since v belongs V which is 
tidy for a, it follows by Lemma that v &Vo ■=r\n£Z < ^o- Therefore 

X S WqVo = Wq and a"{x) G W for all n as required. □ 

Since the nub is a-stablc, it follows from Lemma l2.3l( i)) that 

Corollary 4.2. Let V be a compact, open subgroup of G and suppose that V con- 
tains nub(Q!). Then there is ?i G N such that nfe=o Q^'^(^) *s tidy for a. □ 

A close relationship between nub(Q!) and condition TB(a) also follows. 

Corollary 4.3. The compact, open subgroup, V < G is tidy below for a E Aut(G) 
if and only if V contains nub(Q;). 

Proof. It must be shown that is closed if and only if nub(Q;) < V. Choose 
71 e N such that W := fllLo"''!^) is tidy above for a. Then W+ = V+ and 
W++ = V++. Suppose that nub(a) < V. Then nub(Q;) < W and W++ = V++ is 
closed by Proposition 14. II Conversely, if V++ is closed, then so is W++ and W is 
tidy for a. Then nub(a) <W <V. □ 

4.2. Tidiness and stability. Tidy subgroups are minimizing for a and, in that 
sense, come as close as is possible for a compact, open subgroup to be stable under a. 
It is seen next that stable compact subgroups arc closely associated with tidy ones. 

Proposition 4.4. Let a G Aut(G') and suppose that N is a compact, a-stable 
subgroup of G with nub(Q;) < A^. Then: 

(i) for any open Z) N there is an a-tidy subgroup V with N < V G 'W ; 
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(ii) for any relatively open, a-stable subgroup, J, of N there is an a-tidy sub- 
group, W, such that J = W H N . 

Proof, (ji]) Since is an open neighbourhood of N, there is an open subgroup, W, 
with N <W C ^ ■ Then nub(a) < W and so, by Corollary 14. 2[ there is an integer 
n such that flLo "''(W^) =: V is a-tidy. It is clear that V C and that N <V 
follows from the fact that N is a-stablc. 

(The claim would follow immediately from if nub(Q;) were contained in J. 
That is not being assumed however.) Since J is open in N, there is an open 
subgroup, Vi say, of G such that ViJr\N = J. The smaller open subgroup 

V2 := Pi {xVix-^ \ xeN} 

is normalized by N, so that the products V2N and V2 J are subgroups of G. The 
even smaller subgroup 

V3 ■.= V2na-\V2) 

is normalized by N, because N is a-stable, and satisfies (V3 J)a(V3 J) C V2 J, be- 
cause J is a-stable. Hence V3 J is an open subgroup of G and satisfies 

(2) {V3J)a(y3J)r\N <V2JnN ^ J. 

By part there is an a-tidy subgroup, V, between N and V^N. Then 

(3) W-.^VnVsJ 

is a compact, open subgroup of G and W D N = J. The desired conclusion will be 
reached once it is shown that W is tidy. 

To this end, note first that V = WN because each v € V is a. product v ^ xy 
with X G V3 and y G N where, moreover, x = vy~^ belongs to V3 H V, so that in 
fact x G W. Next, consider 

a{w) n y = a{w) n wn. 

If X belongs to this intersection, then x = wz where w Cz W and z Cz N. Then 
z = vj-'^x e Wa{W) ON ^ J,hy ^ and Q. Hence a{W) (IV <W and the map 

a{W)/ {a{W) nW)-^ a{V)/ ia{V) nV) : x {a{W) nW) ^ x {a{V) H V) 

is injective. It follows that 

[a(W) : a{W) nW] < [aiV) : a{V) H V] . 

However the index on the right is the minimum possible because V is tidy for a 
and it follows that W is minimizing and therefore is tidy too. □ 
The special case when N — nub(a) yields [21 Lemma 3.31(2)], but without using 
density of con (a) in the proof. 

Corollary 4.5. The nub of a has no proper, relatively open a-stable subgroups. □ 

The first part of the next result follows from [2 Lemma 3.19] but a short proof 
is included here. 

Proposition 4.6. Let a G Aut(G). Then the following hold for any V G B{G). 

(i) IfV is tidy for a, then VOK is a-stable for any compact a-stable subgroup 
KofG. 

(ii) IfVnK is a-stable for any compact a-stable subgroup K of G, then V is 
tidy below for a but need not be tidy above. 
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Proof. Let x G V f) K. Then {a"'{x)} is bounded because it is contained in K. 
Hence {a"(x)} is contained in V by Lemma [2T4l 

([ii]) If y niC is a-stablc for any compact a-stablc K, then in particular T^nnub(Q!) 
is a-stable. Since V f) nub(Q;) is an open subgroup of nub(Q!), CoroUarv 14.51 imphes 
that nub(Q;) < V, so that V is tidy below. 

The pair {F^^\a), where F is a finite group and F^^^ has the discrete topology, 
has the property that only the trivial subgroup is compact and either cr-stable or 
(T-tidy. Thus every open subgroup satisfies that its intersection with any cr-stable 
subgroup is cr-stable, and yet no non-trivial compact, open subgroup is tidy. □ 

If K is compact, Q!-stable and has no relatively open ct-stable subgroups, then 
Proposition I4.6l( i|) implies that K is contained in every compact, open subgroup 
of G that is tidy for a, thus yielding the following characterization of nub(Q;). 

Corollary 4.7. The nub of a is the largest compact, a-stahle subgroup of G having 
no relatively open, proper, a-stable subgroups. □ 

4.3. Automorphisms acting ergodically. When G is compact, an open sub- 
group is tidy for a in Aut(G) if and only if it is a-stable. Hence nub(a) is equal to 
the intersection of all open a-stable subgroups of G. This intersection is described 
more precisely in [35J Theorem 1.40 and [TH Theorem 2.6], which apply to general 
compact groups and not just totally disconnected ones. Specializing to the totally 
disconnected case, these papers establish the existence of an ordinal r and a de- 
creasing family (Gp)pg[o,T] of closed, a-stable subgroups of G such that: Go = G; 
Gp/Gp+i is finite for every p e [0,r); and a acts ergodically on Gr, which is the 
largest closed, a-stable subgroup of G on which a acts ergodically. 

The subgroup Gt in [14|, Theorem 2.6], which is denoted by Gerg in that paper, 
is equal to nub(a). Since, as shown in [T], any group on which an automorphism 
acts ergodically must be compact. Corollary 14.71 and [2] imply the following. 

Proposition 4.8. Let G be a totally disconnected, locally compact group and let 
a £ Aut(G). Then the action of a on nub(a) is ergodic and nub(a) is the largest 
closed, a-stable subgroup of G on which a acts ergodically. □ 

Recall that the the word 'ergodic' in the last proposition could be replaced by 
'topologically transitive'. The next result is a restatement of [HI Corollary 2.7(ii)]. 

Proposition 4.9. Let G be a compact group and a G Aut(G). Suppose that N <iG 
is a closed, normal a-stable subgroup. Then nub(a|'^/^) = qAr(nub(a)). □ 

Remark 4.10. (a) Example 6.4 from |31| gives a non-compact group G and a in 
Aut(G) such that nub(a) = {1} and yet G has a (discrete) normal subgroup N 
such that G/N is compact and nub(a|'^/^) = G/N. Hence Proposition 14.91 mav 
therefore fail if G is not assumed to be compact. 

(b) While it is clear that qAr(con^(a)) < con^(a|'-^/^). Example 15.111 shows that 
equality may fail. 

The proofs of the next claims are straightforward. 

Proposition 4.11. Let G be a totally disconnected, compact group and a G Aut(G). 
Then nub(a), con(a) anrf con^(a) are normal subgroups ofG. □ 



'This reference treats only the metrizable case. 
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4.4. Characterizations of nub(Q!) and finding tidy subgroups. The results of 
this section and elsewhere yield the following characterizations of nub(a). 

Theorem 4.12. Let G he a totally disconnected, locally compact group and a be 
an automorphism ofG. Then nub(Q;) is the: 

(i) intersection of all a-tidy subgroups of G; 

(ii) closure of bco{Q) ; 

(iii) intersection P| |rbco(Q!, | V £ B{G)^; 

(iv) largest compact, a-stable subgroup of G having no relatively open a-stable 
subgroups; and 

(v) largest compact, a-stable subgroup of G on which a acts ergodically. 

Proof. The statement in (P is the definition of nub(a), while (jiv]) and (jvj) are re- 
spectively Corollary 14.71 and Proposition 14.81 above. 
Since, as seen in Equation ([T}, 

bco(a) < Pi {rbco(a,T/) | V e B{G)} , 

to prove ((u]) and it suffices to show that 

nub(a) < bco(a) and p| {rbco(a,y) | V G S(G)} < nub(a). 

The first containment holds because, by Corollary 14.71 nub(a) has no compact, 
open subgroups, and so, by Proposition 15 . 1(11 its contraction group is dense. 
For the second, following Equation (4) in [32], denote 

Pi {rbco(a,F) | V e S(G)} =: K. 

Then K is compact by [32l Lemma 2.2] and is a-stable because B{G) is invariant 
under conjugation. Therefore K is contained in the maximal compact a-stable 
subgroup of G which, by Corollary 14.71 is equal to nub(a). □ 

Remark 4.13. The characterizations of nub(a) given in Theorem l4.121pI)) -f[vj) admit 
the following 'algorithm' for finding subgroups tidy for a, that is an alternative to 
those given in [551[nil[32- Let V be any compact, open subgroup of G and suppose 
that nub(a) has been identified by one of these characterizations. Then nub(a) may 
be embedded in a compact, open subgroup of G obtained from V by either of the 
two following methods. 

The first method defines V" : = r\xenub{a} xVx"^, which is normalized by nub(a), 
and is open because there are only finitely many distinct conjugates xVx~^ as x 
ranges over nub(a). Hence V" nub(a) is an open subgroup of G containing nub(a). 
The second method is given in [31]. Define V" : = {u G | nub(a)w C Fnub(a)}, 
which is an open subgroup of G and V" nub(a) = nub(a)V^"', see [31] Lemma 3.3]. 
Hence V" nub(a) is an open subgroup of G containing nub(a). 

Either method produces a compact, open subgroup, U, of G containing nub(a), 
which therefore satisfies TB(a), by Corollarv l4.3l There is then a positive integer n 
such that Plfe^o ct'^iU) is tidy for a, by Corollary 14. 21 

5. Automorphisms of compact groups 

As seen in the previous section, the intersection of all subgroups tidy for a is 
the compact subgroup nub(a) and the restriction of a to nub(a) is topologically 
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transitive. The detailed study of topologically transitive pairs (G, a) begun in 
this section thus contributes to a more general study of automorphisms of locally 
compact groups. The approach taken is the same as that in ergodic theory, namely, 
to express (G, a) as an inverse limit of pairs having a finiteness property called 
expansiveness in ergodic theory and here called finite depth. 

The description of pairs (G, a) as inverse limits is similar to, and is in fact derived 
from, the theorem that each compact totally disconnected group is an inverse limit 
of finite groups. Furthering this similarity, each pair (G, a) with finite depth has 
a depth, which is a positive integer analogous to the order of a finite group. This 
similarity is behind a more complete description of such pairs in Section [6l where 
it is shown that a version of the Jordan-Holder Theorem holds. 

5.1. The finite depth condition. 

Definition 5.1. The pair (G, a) of a compact group and automorphism has finite 
depth if there is an open subgroup V < G such that H/cgz Q^'^(^) = {I}- 

Remark 5.2. (a) In topological dynamics, an automorphism satisfying the finite 
depth condition is called expansive. That term is not adopted here however because 
it has misleading connotations. An automorphism of a compact group cannot 
'expand' sets: if an open set C G satisfies a{'^) D , then a{'^) = The 
term 'expansive' is also inconsistent [2], where it is said that, if y = V^V- is tidy 
for a, then a 'expands' V+ and 'shrinks' V- and that s{a) is the 'expansion factor'. 
(b) If V is an open subgroup of the compact group G satisfying H/tez = 
then f]^^Q xVx~^ is a normal, open subgroup of G satisfying the same condition. 
Hence the subgroup V in Definition 15.11 mav be taken to be normal. This subgroup 
may also be taken to be tidy above for a by replacing it by 0)0=0 '^*' (^) if necessary, 
see Lemma [^31 These additional conditions will usually be assumed to be satisfied. 

The following description of compact pairs (G, a) may also be derived from |14[ 
Theorem 5.3] and [HI Theorem 3.6]j. 

Proposition 5.3. Let G be a compact, totally disconnected group and a G Aut(G). 

Then there is an inverse system, {{Gi, ai), if ij ,1} with each pair {Gi,ai) having 
finite depth such that 

(4) (G,a) -l^i(G„a,)- 

Proof. Since G is compact, it has a base, {Vi]^^j-, of neighbourhoods of Iq con- 
sisting of open, normal subgroups. For each i G I, define Ni = C\k£z'^^{^i)i 
Gi = G/Ni and at = a\^' . Then Gi is a compact group, ai is a well-defined au- 
tomorphism, and (Gi,Q!i) has finite depth. Further define, for i,j with Vj < Vi, 
(pi^j : Gj — > Gi to be the quotient by Nt/Nj. Then {Gi, (pij ,T} is a projective 
system of compact groups and tpi^j oaj = aioipi j. It is routine to check that (G, a) 
is the claimed inverse limit. □ 
The next result is a special case of [25l Proposition 3.5]. It allows the condi- 
tions 'nub(a) = G' and 'G has no proper open a-stable subgroups' to be used 
interchangeably. The proof given here is based on Lemma l2.3l 

Lemma 5.4. For any compact pair (G, a) with finite depth, nub(a) is an open 
subgroup of G. 



'In the case of mctrizablc groups. 
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Proof. Choose an open subgroup, V of G, such that Clf^^x'^'^i^) = {1} ^^"^ ^ ^ 
V+V^, see Remark l5.2l Let be an open a-stable subgroup of G. It will be shown 
that both V+ and V- are subgroups of W, whence nub(Q;) > V. 

Consider first x € V+. Since a~"'{x) € Plfc^-n Oi'^iV) for each n, a^"(x) 1 as 
n — > oo. Hence Q!^"(a;) belongs to W for n sufficiently large. Since W is a-stable, 
X & W and so V+ < M^. That V- <W may be shown in a similar way. □ 

The next proposition is the basis for making the notion of 'depth' precise. 

Proposition 5.5. Suppose that (G,a) is infinite but has finite depth. Let V be an 
open subgroup of G with Cl^ez'^'^i^) ^ {^l ^''^^ ^ ~ V+V_. Then [a{V+) : V+J is 
strictly greater than 1 and is independent of the choice of V with these properties. 

Proof. Since G is compact, m(a{V)) = m{V), where m is Haar measure, and so 

[a{V+) : V+] ^ [V^ : a{V,)]. 

Hence, if [Q;(y+) : V+] = 1, then V+ and V- are both a-stable and, consequently, so 
is V. This can only occur if V is the trivial subgroup and G is finite, a contradiction. 

Let V be a second open subgroup, with O^ez'^'^i^') ~ {1} ''^^'^ ^' ~ V_lV!_. 
Then there is an n G N such that flL-^i "''(^') < V- In particular, a"" < V+. 
Consideration of the inclusions a{V+) > V+ > Q!^"(V"_[) > a~^'^^-^{V_l) yields that 

[aiV+):a—HVl)] = [aiV+) : V+][V+ : a—\Vi)] 

= [a{V+) : a~"{Vi)][a-"{Vi) : a—\Vi)]. 

Since a is an automorphism, [y+ : a^"^-^(y[)] = [a(V+) : Q!^"(F[)] and so 

□ 

Definition 5.6. The depth of (G,a) with finite depth is the index [a(V+) : V+], 
where V is any open subgroup of G with Hfcez c«'^(^) = {1} and F = V+V-. 

The entropy of the action of a on G is the logarithm of the depth, [T71 Theorem 2] . 
The next result, a consequence of Lemma [231 will be used in Section [S] to describe 
the algebraic structure of pairs (G, a) with finite depth. 

Lemma 5.7. Suppose that {G,a) has finite depth and let V be an open, normal 
subgroup of G such that Plfcez"^'"!^) = {!}• Then a*(V+) fl a^(V_) is a finite 
normal subgroup of G for every i, j G Z. 

Proof Since a-^{V+) < V+ and a{V-) < V-, and since V+r\V^ ^ {1}, it suffices 
to consider the case when j = and i > 0. For this, note that the quotient map 
a\V+) a\V+)/V+ is injective on a\V+) n V- because V+^V- = {1}. The 
claim then follows because a*(V+)/V+ is finite, see Lemma [2.31 □ 

5.2. Density of the contraction group. It is shown in PI Theorem 3.26] that, 
if G is a metrizable, locally compact group and a G Aut G, then con (a) is dense in 
ret(a), and it was shown in [T3] that the metrizability restriction could be dispensed 
with. An alternative proof of the special case when G is compact is given below. 
Rather than the compactness argument given in [5] , the proof uses a more construc- 
tive algebraic argument to treat the finite depth case followed by 'approximation 
by finite depth' using Proposition 15.31 
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Proposition 5.8. Suppose that the pair (G, a) has finite depth and is topologically 
transitive. Let V be an open, normal subgroup of G such that Hfcez '-'^'^(^) ^ {1} 
and V ^V+V-. Then 

(i) there is k e N such that a''{V+)V- ~ G; and 

(ii) U„eN""(^+) ri a-" iV-) is dense in G. 

Proof. The hypothesis that V is normal implies that V+ and V- are normal sub- 
groups of G as well. Hence {a^{V+)V- is an increasing sequence of subgroups 
of G that are open because they contain V. Since open subgroups have finite index 
in G, this increasing sequence is eventually constant and equal to a^{V+)V- for 
some k. Then 

a {a''{V+)V-) C a''+\V+)V- = a''iV+)V- 

and so, since G is compact and a therefore preserves Haar measure, a'^{V+)V- 
is a-stable. The hypothesis that G has no proper open, a-stable subgroups then 
implies that a''{V+)V- = G. 

^ It will first be shown that lj„gf^ (q;"(V+) (IV-) is dense in For this, 
consider x ^ From part (ji|, we have that x G a'^^'- {V+)a^ (V-) for every / e Z 
whence, for each / > 0, there is y S a^V-) such that xy € (V+) n Since 
{a\V-)}^^^ is a sequence of subgroups that decreases to the trivial subgroup, it 
follows that lj„gp^ (a"(V+) CiV-) is dense in V- as claimed. It may be shown by a 
similar argument that lj„gf^ (a'^(V+) fl a^^{V-)) is dense in a'^{V+). This suffices 
to complete the proof because G = a''{V+)V-. □ 

Since q;"(V4-) fl a~'^{V-) is contained in con^(Q!), we have the following. 

Corollary 5.9. Let (G, a) be a compact, topologically transitive pair with finite 
depth. Then con<_j.(Q!) is dense in G. □ 

The contraction group is dense even when (G, a) docs not have finite depth. 

Proposition 5.10. Let (G, a) be a compact, topologically transitive pair. Then 

(i) con (a) is dense in G, and 

(ii) con^(Q;) D [G, G]. 

Proof. ^ By Proposition 15.31 G is the inverse limit of pairs (Gi^af) with finite 
depth where each Gi is a quotient, G/Ni. Then Gi inherits from G the property 
of having no proper open, a-stablc subgroups and so, by C or oUarv 15.91 con(Q;i) is 
dense in G;. Hence the contraction subgroup of a modulo Ni is dense for each i 
and it follows, by [13l Theorem 1], that con (a) is dense in G. 

(pi|) Part ^ implies that con (a) and con(Q;~^) arc both dense in G. Since con (a) 
and con(a~-'^) are normal subgroups of G, 

[con(Q;), con(Q!~^)] C con(Q;) n con(Q;~^) = con^(Q;) 

and the claim follows. □ 
It might be thought that con^(Q;) would also be dense in G by the reasoning 
used to establish Proposition l5. 10l[ H) . However, the next example, which is the same 
as [23 Examples 5.6], shows that that is not always the case. 

Example 5.11. Let Cp be the cyclic group of order p and let a be the shift on 
Cp, see Subsection l2.11 The map (p : Cp ^ G^ defined by 

'P{f){n)^f{n) -pf{n+l) 
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is a surjective homomorphism which commutes with a and has kernel the order p 
subgroup Cp of constant sequences. 

Define an inverse system {((G„, cr), '^m,n)}neN, where G„ = and tfn,n+i = 
Put (G, ct) = ^im(G„, cr) and let (pn ■ G ^ Cp be the standard projections satisfying 
'fin — fm ° ^m,n- The pair (G, (t) satisfies the following. 

(i) If V is an open subgroup of G, then there is n e N such that ker((^„) < V, 
whence r\kei,^''i^) i^} ^^'^ i^^^) does not have finite depth. 

(ii) Every finite depth quotient of (G, ct) is isomorphic to (CpjCr) and hence 
has depth p. 

(iii) If / G con^(tT), then <Pn(/) £ con<_j.(cr) for every n, whence <fn{f) has 
finite support for every n € N. However, by the definition of ip and since 
(firi^ (t)° <y5n+i, if / 7^ 1 and 

m = min(support of ipn+i{f)) and A/ — max(support of </5„+i(/)), 

then min(support of (pn{f)) = m — 1 and max(support of (fnif)) = M, 
that is, the smallest interval supporting (fnif) increases as n decreases. 
That cannot occur if the support of (pn{f) is to be finite and non-empty 
for every n. Hence the support of ^Pn{f) is empty for every n and / = 1. 
Therefore con^(CT) — {1}. 

Further to Proposition I5.10[ the homoclinic subgroup is not in general a com- 
plemented subgroup of {G,a), as the next construction shows. 

Example 5.12. Let ip : Cf — > Cf be the homomorphism defined by 

ip{x)n = Xn - Xn+l- 

Then ip commutes with the shift automorphism, a. Hence, setting i/^ = Gf , = a 
and Lpk.k+i — <y5 for each fc e N produces an inverse system a^), (ys^ (l^^^gj^j 

whose inverse limit will be denoted 

H:=^{Cl,a) = [{xk) E {Cff \ ^(xk+i) = Xk} . 

The subgroup 2G4 of G4, which is isomorphic to G2, determines a cr-stablc sub- 
group (2G4)^ < cf that is isomorphic to Gf . Since 2Gf is also stable under ip, H 
contains the cr-stable subgroup 

lim(2Gf ,a) = {(x,.) e (2G|)'' | cj){xk+i) = x^] = lim(Gf ,a) 

and we also have 

lim(Gf,a)/l^(2Gf,a) =^((G4/2G4f ,a) = ^(Gf,a). 

Let Lpi : (xk) xi be the projection of lim(2Gf ,(t) onto its first coordinate. 
Then the range of (pi is isomorphic to Gf and ker ipi is a closed, cr-stable subgroup 
of H. Put G = H/kcTipi. Then ^im(2G4, cr)/ ker iy9i is a cr-stable subgroup of G 
that is isomorphic to iy9i(2G4) = Gf and the quotient of G by this subgroup is 
isomorphic to ^m(Gf ,cr). Therefore 

con«(G) = l^(2G4,cr)/ker(pi 

and 

G/con«(G) =1^G2^. 
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Since both con<^(G) and Cf have exponent 2 and G docs not, the sequence 
{1} ^con^{G) ^^Cf ^{1} 

does not spht. 

The fohowing corollary to Proposition 15 . lOl is referred to in the next section. 

Corollary 5.13. Let (G,a) be topologically transitive and the subgroup N < G be 
finite, normal and a-stahle. Then N is contained in the centre of G. 

Proof. Since N is finite and a-stable, for any x G N there is a positive integer a 
such that a°'"-{x) = x for all n G Z. Suppose that y G N and h G con (a). Put 
X = hyh^^y^^ and choose a such that x = a"-"{x) and y = for all n G Z. 

Then 

X = = a''''{h)ya'''\h-^)y-^ ^ Iq as n ^ oo. 

Hence y is centralized by con (a) and it follows by Proposition lS.lOt p]) that y belongs 
to the centre of G. □ 

6. A Jordan-Holder Theorem for Pairs with Finite Depth 

In this section the algebraic structure of compact pairs (G, a) that are topo- 
logically transitive and have finite depth is investigated. The main result is The- 
orem [5201 which establishes that such pairs have a composition series where the 
factors are isomorphic to shifts, (F^, a) for some finite simple group F, and that 
the factors are unique up to permutation. This theorem is the direct analogue of 
the Jordan-Holder Theorem for finite groups. 

Many of the results of this section have counterparts in the ergodic theory liter- 
ature. It is shown in [ITl Proposition 2] that every compact pair (G, a) with finite 
depth is a subshift of finite type, that is, there is a finite group F such that {G,a) 
is isomorphic to a closed, cr-stable subgroup of {F^,a). Indeed, if V is an open, 
normal subgroup of G with Hnez'^^'i^) ^ i^}' ^^'^^ P ™ay be taken to be G/V. 
Such subshifts are studied in [17] and a notion of 'block size' introduced. The clos- 
est counterpart to that notion in the present paper may be seen in Proposition 15. 81 
the number k such that a'^(V'+)l^_ = G is related to the block size. The expansive, 
or finite depth, pair (G, a) is broken down into factors in }17[ Theorem l(ii)] and 
PSI Proposition 10.2]. These theorems correspond to Proposition 16.31 below, which 
produces an a-stable normal series for (G, a) in which each of the factors is a shift. 

6.1. The depth of (G, a). Analogy with the theory of finite groups motivates the 
results in this section and the depth of the pair (G, a) corresponds to the order of 
a group under this analogy. The first step is to verify that the depth of pairs on 
finite depth, see Definition 15. 6[ behaves as expected under quotients. 

Proposition 6.1. Let H be a closed, normal, a-stable subgroup ofG. Then {G,a) 
has finite depth if and only if both a|jy) and {G/ H,a\'^^^) have finite depth. 
Moreover, 

(5) depth(G, a) = depth(G/i7, af") depth(7?, al^). 

Proof. Suppose that H and G/H have finite depth. Choose open subgroups Wi < 
G/H and W2 < H such that 

fl iaf^'')\Wi) = {1g/h} and fj a^(I^2) = {Ih}. 
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Put Vi = (Wi), and let V2 be an open subgroup of G such that V2 11 H < W2- 
Then V ~ Vi r\V2 satisfies HfcGZ '^*' (^) ~ {1} ^-i^d hence G has finite depth. 

For the converse direction, suppose that G has finite depth and let V be an open 
subgroup such that Hfcez ct'^l^) = {1g}- Then has finite depth because 

f]ia\H)''{VnH) = {lH}. 

fcez 

That G/H has finite depth cannot be shown by a similar direct argument, see 
Remark 16.21 below. Instead, it will first be shown that V may be assumed to be 
normal with V = V+V- and to satisfy 

(6) a{V+) n y_ = {1g} and a{V+)V- C] H = a{{V n H) + ){V n H)^. 

It has already been noted that V may be assumed to be normal. For the other 
properties note that, since H is a-stable, aiV fl H) = a{V) n H . Hence, appealing 
to Lemma [2.31 and replacing V by {yi^^ct^iV) for sufficiently large n, it may be 
supposed thaiQ 

V = v+V- and F n iJ = (y n h)+{v n h)^. 

Then, since n y_ = {1g}, © holds if V is replaced by a-^{V) n y. All of the 
subgroups in the above argument are normal because a is an automorphism of G. 
Assuming that V satisfies ([6]), it will be shown that 

(7) Pi a^{VH) <{[\a^{V)\H for all m,n e Z, 

k—ra \k—ni / 

whence HfcGZ ct^iVH) = H and {G/H^a\'^/^) has finite depth as claimed. 
To establish ^ when jti = and n = 1, consider x in VH D a{VH). Then 

(8) X = = a(f2+)a(w2-)y2, for some ■yii £ V± and e H. 

Since q;(V+) and are normal subgroups of G, (jH) implies that a{V-^)V- is a 
direct product, q;(V+) x Hence dH) may be rearranged to yield 

{vi+a{v2+)) {v-}a{v2-)) = yiy2^, 

where the left side belongs to q;(V+)VL and the right to H. Then ^ implies that 
there are w± G {H nV)± such that 

(v^la{v2+)) (wfia(w2-)) = a{w+)w-. 
Rearranging this equation yields 

a{w+y^ {vila{v2+)) = w- (wfiQ;(f2-)) ^ . 

Since the left side belongs to a{V+) and the right to and a{V-^) n = {1g}i 
both sides equal the identity and it follows that 

a{v2+) = vi+a{w+), 

which belongs to V+H. Substituting into ([5]) yields that 

X = vi+a{w+)a{v2-)y2 e V+a{V-)H n a{V)) H 

and we have shown that VH n a{VH) < (V ^a{y))H. Induction on n and 
translation by a™ imply that ([7]) holds for all m and n. 



Tidiness above for V = V+V_ does not imply the same for V f\H, see 1311 Example 6.4], and 
Lemma 1 2 . 3 1 must be applied to both V and V r\ H separately. 
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Finally, to establish the formula ([5]) for the depth, choose V satisfying (|6]) and 
recall Definition [ES that depth(G',a) = [a{V+) : V+]. Then 

(9) depth(G',a) ^ [a{V+) : V+H D a(y+)][V+H n a{V+) : V+] 

because V+ < V+H n a(V+) < a(V+). Observe first that, since V+H is a normal 
subgroup of G and V+ < a{V+), the Second Isomorphism Theorem implies that 

a{V+)/{V+H n a{V+)) ^ a(y+)H/V+H 

and consequently that 

(10) : V+H n a{V+)] = [a(VV)i? : V^f i?] = deptU{G/H, a\'^/"), 

where the last equality holds because {VH/H)+ = {V+H)/H and, as follows 
from dH), {VH/H)+ (1 (VH/H)^ = {1}. Observe second that, 

{V+H n a{V+))/V+ ^{Hn a{V+))/{H n v+) 

and consequently that 

(11) [V+H n a{V+) : V+] ^ [H n a(y+) : HnV+]= depth(i7, aln)- 
Equations ^ and ([TT]) imply (P. □ 

Remark 6.2. Triviality of HkezO^'^i^) does not imply that nfcez("P^^)''(qff (^)) 
is trivial. Consider (Cf ,cr) and the subgroups = {/ £ Cf | /(O) = ()} and H the 
set of constant sequences. Then r\kez'^''(^) ~ {^cj} tiut q^/ maps onto Cf/ff. 

6.2. An a-stable normal series. The first step towards composition series for 
pairs with finite depth is to show that they have normal series in which the factors 
are isomorphic to shifts. 

Proposition 6.3. Suppose that (G, a) is topologically transitive and has finite 
depth. Then G has an a- stable series 

(12) {l} = Go<Gi<---<iG, = G 

of closed, normal subgroups, Gj, and, for each j G {0, 1, . . . , r — 1}; 

(i) there is a finite group, Fj , and a surjective homomorphism 

ip, : Ff -> G,-,i/G, 

such that ker((/3j) H i^j^' = {1}; and 

(ii) ipj o a = aj o ipj , where aj ~ ^ 

Proof. Let V be an open, normal subgroup of G such that Clkez'^'^i^) = {^i- 
Then V+ and V- are closed, normal subgroups of G and V+ DV- = {1}. 

Proposition [5]8l|ii|) implies that a'-{V+)r\V- is non-trivial for some I > 0. Choose 
I be the smallest such integer and put Fq a''{V+)r\V- . Then Fq is a finite normal 
subgroup, by Lemma [STTl and a^~^{V+) x Fq x a{V-) is a direct product of closed, 
normal subgroups of G. Since a"'{Fo) is contained in a{V-) when n > and in 
q;'~^(V+) when rt < 0, it follows that the map ip : Fq^' — > G defined by 

^(/) = n ""(/("))' (/e^^f ), 

is injective. Since {a'^"(V+)a"(V^_)}^gpj is a base of neighbourhoods of 1g, and 
since 

(fi ({/ e i^f ' I /(m) = 1 if - n < m < n}) < a'-"(y+)a"(K_) 
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for each n, this map extends uniquely to a eontinuous homomorphisni ipo ■ Fq — > G 
such that ker((/3o) ^1 = {!}• By construction, ololpq = (/Sq o cr and G\ : = 93o(-Po ) 
is a closed, normal a-stablc subgroup of G. 

By Proposition [O] (GjGx.a}^^'^^) has finite depth. Hence the argument may 
be repeated for [GjGx.a^^'^'^) (provided that it is non-trivial) to produce a closed, 
normal, a-stable subgroup of G/Gi that is isomorphic to a quotient of for some 
finite group Fi. PuUing back to G yields the subgroup, G^. Iterating produces 
subgroups Gj, j = 1, 2, . . . as required. This iteration terminates at some r with 
Gr = G because Proposition 16.11 and the fact that depth(Gj+i/Gj, a^) = \Fj\ 
imply that the sequence of integers {depth(G/Gj, a\'^/'^' } strictly decreases so long 
as Gj 7^ G. □ 

Remark 6.4. The factor in Proposition l6.3tp ]) is a quotient of a shift. It will be seen 
shortly however that, although the homomorphisni ipj need not be an isomorphism, 
the factor is in fact isomorphic to a shift. 

The calculation in the previous paragraph yields a formula for the depth of G. 
Corollary 6.5. The depth of the topologically transitive pair {G,a) in Proposi- 
tion 1 6. 3\ is equal to 11^=0 l^il- 

6.3. Normal subgroups of {F^,a). The factors in the a-stable normal series 
are shifts {F^,a), and the next aim is to analyze the structure of these shifts, 
particularly in the case when F is simple. 

Lemma 6.6. Suppose that H is a closed, normal, a-invariant subgroup of F^ , 
where F is a finite simple group. Then exactly one of the following holds: 

(i) H = F^; 

(ii) H = {1}; 

(iii) there is n E'L such that H = \h £ F^ \ h{j) = 1 for j > 

if F is abelian, F = Cp is the cyclic group of order p for some prime p, 
there are d G N and oq, ■ ■ ■ , fld-i G Cp such that 

(iv) H is the subgroup of functions satisfying the order d difference equation 

d-l 

H = ^^h e F^ \ h{r + d) = Y^ a,jh{r + j) for all r € z|, 

i=o 

in which case H is a finite group with order p'^ ; or 

(v) there is n G Ij such that 

H = ^^h e F^ \ h{r + d) ajhir + j) for all r > n|. 

j=o 

Proof. Suppose that, for each ?i G Z and d> 0, there is /i G with 

h(j) — Ip for every j G {n, n + 1, . . . + d — 1} and h{n + d) =^ Ip. 

Then, since H is normal in F'^ and F is simple, the homomorphism 

7r„,d : H h {h{n), h{n + 1), . . . , h{n + d)) 

is surjectivc for each n G Z and d >0. Since H is closed, this implies that (P holds. 
Therefore, if fails, there are n* G Z and d > such that for every h € H 

h{j) = 1f ioi- j e {n*,n* + l,...,n* + d-l} =^ h{n* + d) ^ Ip- 
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Then a-invariance of the subgroup H uiiplics that, for every h ^ H and r >n* , 

(13) the vahies h{j) for j G {r, r + 1, . . . , r + d — 1} determme h{r + d). 

Assume that ^ fails and consider the case when F is non-abehan. Then, since 
H < F^, conjugation of H by elements [/]r+d S F^ defined by 

[/w.(j) = |( 

[If if j / r + d 

leads to a contradiction to unless h{r + d) = Ip for every r > n* . Therefore 
satisfies either ([ul or ((iii|) when F is not abelian. 

Assume that (P, ^ and (jlii|) fail and let F = Cp be abelian. Then (fT3| and the 
(T-invariance of iJ imply that there are ao, . . . , ad~i in Cp such that every h £ H 
satisfies 

d-l 

(14) h{r + d) = XI + 

(*) Choose d to be the smallest value for which (|14p holds. 

Should it happen that (fT4l) holds for every n*, then either case (jnl or (fiv| obtains. 
Otherwise, 

(**) choose the smallest value of n* for which (|14p holds. 

Then (jvj) obtains with n = n*: it may be seen immediately that H is contained in 
the set on the right of the equation and it may be shown that (*) and (>i"i=) imply 
that H is no smaller than this set. □ 

Lemma 6.7. Let F be a finite group, and suppose that N is a closed, normal u- 
stable subgroup of F^ such that N f] F^^'^ ~ {1}. Then N is finite and contained in 
the centre of F'^ . 

Proof. The finite group F has. by the Jordan-Holder Theorem, a composition series 

(15) {1} = Fo <Fi <i • • • <iFr_i <Fr = F, 

and all composition series for F have the same length, r. The proof that N is finite 
will be by induction on r. For the base case, note that TV is trivial when r = 0. 

Let F have a composition series of length r > and assume that the claim has 
been established for groups with shorter composition series. Let be a closed, 
normal, cr-stable subgroup of F^ such that A^ flFl^I = {!}• Then, considering F^_i 

to be a subgroup of F^: Nr\Ff_i is a closed, normal, cr-stable of Ff_i and A^iHfJ^i 
is trivial. Hence, by the induction hypothesis, 

(16) A^nF^^i is finite. 
The Second Isomorphism Theorem implies that 

(17) N/ {N n F^_,) - NF^_JF^_„ 

which is a closed, normal, /^' -i-stable subgroup of F^/F^^^. The map 
^ : F^/F^_, ^ {F/Fr-^f , ^ifF^_,){j) = f{j)Fr^, 

is an isomorphism that intertwines a. Hence (p{NF^_i/ F^_i) is a closed, normal, 
cr-stable subgroup of (F/F^-i)^, where F/F^-i is a finite simple group because 
is a composition series. Hence, according to Lemma WM (p{NF^_j^/F^_^) 
falls into one of five cases. Since cases dm]) and (jvj) are cr-invariant but not cr-stable, 
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ip{NF^_i/F^_i) must in fact be either the whole group (case (U) or finite (cases (HH 
and ((iv|)). 

It will be shown that 

which excludes the case when Lp{N Ff_]^/ F'^_-y) is the whole group. To this end, 
let / e iV be such that ip{fF^_i) belongs to (F/Fr-i)^^^ . Since N is compact, 
{cr'^(/)}fc>o has an accumulation point, g say, which belongs to n F^_i because 

^{a\f)Ff_^) = a\ip{fFf_,)) ^ 1 as fc ^ ^. 

Since N n Ff_i is a finite a-stable subgroup by p^ . g is periodic. Hence, if the 
period of g is pi, there is an integer ni such that /|(-oo,ni] is pi-periodic. Similarly, 
there are P2 > 1 and n2 £ Z such that /|[„2,oo) is P2-periodic, and it follows that 
y-i(jPiP2 (•y^ belongs to N and has finite support. Since ivni^i^i = {1}, we conclude 
that / = /3^^P^(/) and hence that / = .g and thus belongs to Ff_i. Therefore, as 
claimed, (p docs not map N Ff'_-^/ Ff_-^ onto {F/Fr-if- and N F'^_-^ / Ff_-^ is finite. 
The isomorphism in p7)) then implies that N / {N n Ff_-^ is finite and, combining 
with (fT6)) . it follows that N is finite. 

Since N is finite and cr-stable and is topologically transitive. Corollary 15. 131 
shows that it is contained in the centre of F"^. □ 

The factors in the composition series for (G, a) given in Theorem 16.201 below 
cannot be decomposed any further in the following sense defined in ergodic theory, 
see [19] for example. 

Definition 6.8. The pair (G,a), with G compact and infinite, is irreducible if 
every proper, closed, normal, a-stable subgroup of G is finite. 

As might be expected, irreducibility of (F, a) corresponds to simplicity of F. 

Proposition 6.9. The pair (G, a) is irreducible if and only if it is isomorphic to 
{F'^, ct) for some finite simple group F. 

Proof. Suppose that G = F^, where F is a finite simple group and let be a 
closed, normal a-stable subgroup. Consider first the case when F is not abclian. If 
H is not trivial, then there is n S Z and h €z H such that h(n) ^ If- Then, since 
F is not abelian, {[/i, Z^"'] | / G F} contains a non-identity element and it follows, 
since F is simple, that H contains F^"! := {/W | / e F}. That H = G follows 
because H is shift-invariant and closed. Consider next the case when F is abelian, 
that is, F is a cyclic group of order p for some prime p. Suppose that H contains a 
non-identity element, /i, with finite support. Let n be the minimum of the support 
of h. Then, by adding suitable shifts of powers of h, it may be seen that for each 

> there is an element h' £ H whose support in the interval [n — N ,n N] is 
{n}. Since H is closed and a subgroup, it follows that the elements i'"! {i & Cp) 
belong to H . Shift-invariance and closedness of H then imply that H is equal to G. 
Hence, if H is a proper subgroup of G, it does not intersect F^^l non-trivially and 
Lemma l6 . 71 implies that H is finite. 

For the converse, assume that (G, a) is irreducible. Then (G, a) has finite depth, 
by Proposition l5.3l Proposition l6.3l implies that G has an a-stable series of the form 
p2)) which, since (G, a) is irreducible, must have G = Gi. Hence G = ip{F^) for 
some finite group F and kcr((y9) n F^^' ~ {1}. By Lemma [6. 7|, ker((/3) is finite and 
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contained in the centre of F^. Irreducibility of {G,a) then further impUes that 
{F^,a) is irreducible, whence F is simple. Lemma [6.61 then applies to show that 
either ker((y5) is trivial or F ~ Cp is abclian and 

k-l 

ker(^) = |/i e F^ \ h{r - fc) = ^ ajh{r - j) for all r e z|, 

3=0 

for some Cq, . . . , ak-i S Cp. The proof is complete in the first case. In the second 
case, the surjective map -0 ■ F^ F^ defined by 

fc-i 

j=o 

commutes with /3 and ker{ip) = ker((/3). Thus G = F^/kei{ip) = F^. □ 
The proposition implies the assertion in the next corollary that (p does not have a 
right inverse because the range of any such inverse would a proper, infinite subgroup 
of Cf that is stable under the shift. All other assertions are obvious. 

Corollary 6.10. Let (p : Cf — > Cf be the homomorphism f{f)n = fn^fn+i- Then 
if commutes with the shift automorphism and C keiip is the order 2 subgroup of 
constant functions in Cf . The sequence 

{1} C Cf Cf {1} 

is exact and does not split. □ 

Remark 6.11. An alternative notion of irreducibility of a topologically transitive 
pair (G, a) might be that every proper subgroup of G has trivial nub. This weaker 
definition implies that (G,a) = {F^,l3) in the non-abelian case, but in the abelian 
case encompasses groups such as those described in Example 15.111 

6.4. The Jordan-Holder and Schreier Refinement Theorems. Transferring 
the Schreier Refinement and Jordan-Holder Theorems from finite groups to pairs 
(G, a) with finite depth uses a version of the Zassenhaus Lemma, see |20[ Lemma 3.3] . 
The statement of this lemma does not apply without change however because the 
intersection of topologically transitive a-stablc subgroups of G need not be topo- 
logically transitive, see Example 16.221 The next couple of definitions are required 
for the modified statement of the lemma. 

Definition 6.12. Let (G, a) be a compact group with automorphism a. The nub 
intersection of closed, a-stable subgroups Hi and H2 of G is defined to be 

iJi A iJa = nub(a|HinH2)- 

Definition 6.13. The pairs (Gi,ai) and (G2,a2) sltc co- commensurable if there is 
a pair (G, a) and surjective homomorphisms ipi : G ^ Gi such that ^pioai — ao ipi 
with ker(pi a finite subgroup of G, for i = 1, 2. Denote this as (Gi, ai) ^cc(G2, a2). 

Remark 6.14. It follows from Proposition 16.91 that two irreducible pairs, (Gi,Q!i) 
and (G2, a2)i that are co-commensurable are in fact isomorphic. 

Proposition 6.15. (i) Co-commensurability is an equivalence relation. 

(ii) The pairs {Hi,ai) and {H2,a2) are co- commensurable if and only if there 
is a pair (L, 7) and surjective homomorphisms ipi : Hi ^ L with ^ o = 
Ipi o cti for i ~ 1,2, and with ker(-0i) finite. 
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Proof. (ji| Reflexivity and symmetry follow immediately from the definition. Sup- 
pose that (Gi,ai), (02,02) and (Gs^as) are pairs with 

iGi,ai)^cciG2,a2) and ((72, ai) '-^cc(G3, as). 

Transitivity will follow by showing that there is a group G13 and surjectivc ho- 
momorphisms 7ri2 : G13 — > G12 and 7123 : G13 — >■ G23 having finite kernels that 
complete the diagram: 



Gi3 

^12 / \ "^23 




Gi G2 G3 

The existence of this group and homomorphisms is proved by applying part ^ 
with Hi = G12, H2 = G23 and L = G2. 

([n]) For the 'if direction, let {Hi,ai) and (^,7) be pairs such that there are 
surjective homomorphisms ipi : Hi L, i = 1, 2, that intertwine and 7. Put 

iJ := {{xi,X2) e Hi X H2\ ipi{xi) = 'ip2ix2)} , a = (ai X a2)|_w, 

and let ipi : H ^ Hi he the coordinate projections. Then: ipi and (/32 are surjective 
because ij^i and '02 are; have keripi = ker-02 and keiip2 = ker?/;i; and complete the 
diagram on the left of Figure [TJ Hence {Hi,ai) ^cc{H2, a2)- 




Figure 1 . An equivalent formulation of co-commensurability 



For the 'only if direction, suppose that (^/^i, ai) ~cc(^2, 0^2) and let {H,a) 
and ipi : H ^ Hi are a group and homomorphisms giving effect to their co- 
commensurability. Put 

L := i7/(ker((pi)ker(v32)), 1 = , 

and define cpi := piorji, where 77^ : Hi — > H / "ksvi^Lpi) is given by the First Isomor- 
phism Theorem, and pi : H/kev{ipi) i7/(ker(iy9i) ker((/32)) is the obvious map. 
Then the pair (i, 7) and homomorphisms ipi ■ Hi ^ L complete the diagram on 
the right of Figure [T] □ 
One further fact, which is easily verified, is required for the proof of the Zassen- 
haus Lemma. 
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Lemma 6.16. Let G be a compact group and a G Aut(G'). Suppose that L and H 
are closed, a-stahle, topologically transitive subgroups of G, and that L is normalized 
by H. Then LH is a closed, a-stahle, topologically transitive subgroup of G. □ 

The Zasscnhaus Lemma may now be adapted from [201 Lemma 3.3]. 

Lemma 6.17. Let {G,a) be a topologically transitive pair with finite depth. Sup- 
pose, for i = 1,2, that Hi is a closed, a-stable subgroup of G and that Li is a closed, 
normal, a-stable, topologically transitive subgroup of Lli. Then 

Li{Hi A L2) is normal in Li{Hi A H2), 
{Li A L[2)L2 is normal in {LIi A H2)L2, 

and all groups are a-stable and topologically transitive. Denote the automorphisms 
induced on the respective factor groups by ai and a2. Then: 
(i) the factor pairs are co- commensurable, that is, 

{Li{Hi A H2)/L,{Hi A L2),ai) ^U{Hi A i/2)i2/(ii A H2)L2,a2);and 
ill) are topologically transitive. 

Proof. Lemma |6 . 1 61 implies that ah groups are a-stable and topologically transitive. 
The group Li{Hi A L2) is the largest a-stable, topologically transitive subgroup 
of Li{Hi n L2). Since, by [20l Lemma 3.3], the latter group is normalized by 
Li{Hi A H2), which is also a-stable, it follows that A L2) is normalized 

by Li{Hi A H2) as claimed. That (Li A H2)L2 is normal in {Hi A H2)L2 may 
be seen similarly. Proposition 14.91 implies that Li{Hi A H2)/Li{Hi A L2) and 
{Hi A H2)L2/{Li A H2)L2 are topologically transitive as well, so that ^ holds. 
It remains to prove (P, and this will be deduced from the isomorphism 

(IQ\ Li(gin-H"2) ^ (HinH2)L2 

y °' Li(HinL2) ^ (Lin_ff2)L2' 

which is shown in [20l Lemma 3.3]. 

Since each open a-stable subgroup of Li{Hi D H2) / Li{Hi ("1^2) pulls back to an 
open a-stable subgroup of Li{Hi f) H2), it follows that 

n„h( hJJlinI^ll\ - (Li(Hi/\H2))(Li(HinL2}} 
'^"^y Li{HinL2) ) ^ Li{HinL2) 

and hence, by the Second Isomorphism Theorem, that 

Li(_ffinL2) ^ ~ Li(Hif\H2)nLi{HinL2) ■ 

Applying the same argument to the right hand side of ([T8| yields that 

y.,,U( iJhnIh}L2.\ {HiAH2)L2 

"""V LinH2)L2 ) — {HiAH2)L2n{LinH2)L2' 

whence, from (fTSi) . 

Li{HiAH2) {HiAH2)L2 

Li(HiA_f/2)nLi(ffinL2) " (HiA_f/2)L2n(Linff2)i2 ■ 

Since Li{HiAL2) has finite index in Li{Hir\L2) and is contained in Li{HiAH2), the 
left side of this equation is a quotient of Li {Hi AH2) / Li{Hi AL2) by a finite, normal, 
a-stable subgroup. Similarly, the right side is a quotient of {HiAH2)L2/{LiAH2)L2 
by a finite subgroup. Therefore, by Proposition 16.15"! 

£i(giAH2) (Hi/\H2)L2 
LiiHiALz) ""cc (LiAif2)i2 ■ 

□ 
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Versions of the Schreier Refinement Theorem, [20l Theorem 3.4], and the Jordan- 
Holder Theorem, [20l Theorem 3.5], for topologically transitive pairs with finite 
depth follow from Lemma 16.171 exactly as they do for finite groups from the Zasscn- 
haus Lemma. Some terminology is needed in order to state these theorems. 

Definition 6.18. Let (G,a) be topologically transitive. 

(i) An increasing sequence, 

{1} = Go < Gl < • • ■ < Gr-l <Gr = G, 

of a-stable, topologically transitive subgroups of G is a subnormal se- 
ries for {G,a) if Gj-i < Gj and a\'^'/'^'^^ is topologically transitive on 
Gj^^^'^^^^ for each j G {1,2, ... ,r}. The jth subquotient of the series is 
the pair {Gj /Gj-i, aj), where aj = ajg^^'^^^^ 

(ii) Two subnormal series 

{1} = Go <i Gl <a • ■ • < Gr^i < Gr = G, 

{1} = Ha<Hi<---< Hs-i <H,^G, 

of a-stable, topologically transitive subgroups of G are equivalent if r = s 
and there is a permutation, ir, of {1,2, ... ,r} such that 

{Gj /Gj-i, aj) r^cc{Hyr{j) / H^(j)^i, a.^{f)) for each j. 

(iii) A refinement of a subnormal series is subnormal series in which the same 
subgroups and possibly some others appear. 

(iv) A composition series for (G,a) is a subnormal series, as in (|i]), for which 
each subquotient {Gj/Gj-i,aj) is an irreducible pair. 

Theorem 6.19. Let{G,a) be a topologically transitive pair with finite depth. Then 
any two subnormal series of a-stable, topologically transitive subgroups of G have 
equivalent refinements. □ 

Theorem 6.20. Let {G,q) be a topologically transitive pair with finite depth. 
Then G has a composition series. Any two composition series for (G, a) are equiv- 
alent. □ 

Remark 6.21. (a) Remark [6.141 implies that the sub-quotients appearing in any two 
composition series for (G, a) are in fact, up to a permutation, isomorphic. 
(b) Suppose that (Gi, ai) and (G2, 02) are co-commensurablc and have finite depth, 
and let (G, a) and the homomorphisms ipi : G Gi be as in Definition 16.131 Let 

{1} = Gi,o < Gi,i Gi,,_i < Gl,, = Gl, 

be a composition series for (Gi,ai). Then, setting G2,j to be the nub of the 
restriction of a2 to 1^92 ° fi^{Gij), 

{1} = G2,0 < G2,l <■■■< G2,r-1 < G2,r = G2 , 

is a composition series for (G2,Q!2) and 

(Gij/Gij_i,q:i.j) ^ {G2,j/G2,j-i,a2,j) 

for each j. Example 16 . 231 exhibits infinitely many pairs, {Gn,<J x a), n e Z, having 
composition series of length r = 2 and having composition factors (Gf , cr) and 
(Gf , cr) but which are not isomorphic because they are semidirect products with 
different actions of (Gf,cr) by automorphisms on (Gf ,ct). 
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Example 6.22. The group G = Cf x Cf with a = a x a is clearly the internal 
direct product of a-stable subgroups 

(19) i7i = Cf X {1} and H2 = {1} x Cf . 

However (G, a) is a product of a-stable subgroups in many other ways. 
Define H^p to be the subgroup 

H^^{{^{x),x)eG\xeC^}, 

where ip : Gf — > Gf is a surjective homomorphism. For example, (p might be the 
homomorphism defined in Corollary 16.101 Then H^p is a closed a-stable subgroup 
of G that isomorphic to Gf . 

If {x, y) G HiCi H^, then y = I because (x, y) ^ Hi, which forces x = ip{y) = 1 
because {x, y) E H^. Hence Hi n H^, = {1} and G ^ Hi x H^. On the other hand, 
(0,y) S H2 n H^p if and only if y £ kcrip. Hence, although G = H2Hp, it is not the 
direct product of H2 and H^. 

That H2r\H^p = {1} X ker tp shows that the intersection of topologically transitive 
a-stable subgroups need not be topologically transitive. Note however that ker (p 
is a finite subgroup of Gf and so H2 A H^ = {I}- 

Example 6.23. The symmetric group S'3 is isomorphic to the semidirect product 
G3 X;j(. G2 determined by the homomorphism x '■ C2 ^ Aut(G3) that sends I G G2 
to the automorphism 1 > 2 of G3. The group is consequently isomorphic to 
the semidirect product Gf xi^p Gf determined by the homomorphism xo ■ C'f 
Aut(Gf ) that sends [l]s € Gf to the automorphism such that 

xo([i].)(/)M = , (feci). 

[j(r), otherwise 

Let ( ^m Gf , cr) be the pair defined in Example 15.111 and pi : l^m Gf — ^ Gf 
be the homomorphism also defined there. Then xo ° fi ■ ^HB^^f Aut(Gf) 
is a homomorphism that commutes with the automorphisms a £ Aut(Gf ) and 
a e Aut(^Gf). Put 

G = G3 x^go^pi ^hnGf and a = (cr, it). 

Identify Gf and lim Gf with the obvious subgroups of G. Then (G, a) is a compact 
pair with con^(G) = Gf and Z{G) = kcri^i. Hence Z(G)con^(G) is a proper 
subgroup of G. 

The group G may also be described directly as an inverse limit, as follows. For 
each n e N let An C Z be the support of (y9"([l]o), where p : Gf — > Gf is defined 

by 

V(5)(s) = .9(s)-2.9(s + l)- 
Define Xn ■ Gf Aut(Gf ) to be the homomorphism that sends [1]^ G Gf to 

/on^ ^ jxifir)), if r - s e A„ ..^^zn 

(20) Xn{[l]s){f){r) = < . , {feC^) 

I J (rj, otherwise 

and put G,i = Gf x^^ Gf . Then calculation shows that Z{Gn) is the subgroup 
of Gf consisting of 2"-periodic elements. Let pjn+i.n ■ Gn+i Gn be defined at 
if, 9) in Cf Xx. C'f by 

pin+l,n{f'9) = (/, 0(5))- 
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The definition of the set A in pO|) implies that ipn+i,n is a honiomorphism. Com- 
posing produces ipm.n ■ Gm — > Gn {m > n) and an inverse system {Gn, ^m,n)- 
Then G = ^(G„, (^„,„). 

7. TOPOLOGICALLY TRANSITIVE AUTOMORPHISMS 

In his work on simple subgroups of automorphism groups of trees, [27], J. Tits 
introduced a property that he called (P). This property, which is defined in terms of 
the action on the tree, has been important in subsequent papers on automorphism 
groups of trees, see [31 Section 3], and has been extended to groups of automor- 
phisms of complexes in [9] . One of the important consequences of this property is 
found in [27\ Lemme 4.3] and the next proposition is an abstract version of this 
result. In Tits' formulation of his Lemme 4.3, property (P) asserts that the pair 
(nub(Q;),Q;) is isomorphic to a shift over an infinite group. The hypothesis of the 
proposition is therefore considerably weaker. 

Proposition 7.1. Let (G, a) be a compact pair with a topologically transitive. Then 
for every G Z \ {0} the map rjk ■ x t-^ x^^a''{x) is surjective. 

Proof. The proof is in three steps, the first of which is the case when (G, a) is 
a shift. The argument here is essentially the same as that in [571 Lemme 4.3]. 
Suppose that (G, a) = {F^,a) and let f G F^. Assume, without loss of generality, 
that fc > and define x € by x{n) = li?ifnG{0, l,...,fc — 1} and then define 
X recursively by x{n) = x(n + k)f{n)^^ if n < and xin) = xin — k)f(n — k) if 
n> k. Then / = r/k{x). 

Next suppose that S* < G is normal, a-stable, closed and such that {G/S, a\'^/^) 
is isomorphic to a shift. Suppose also that the map T]k\s '■ x i-^ x^^a''\s{x) is 
surjective on S. Let f G G. Then, by the first paragraph, there is x € G such that 
/ = x^^a''{x) modulo S. Hence xfa'^{x)^^ belongs to S and, by assumption, there 
is y G S such that xfa''{x)~'^ = y~^a''{y). Then / = {yx)~^a''{yx) = r]k{yx). An 
induction argument now shows that rjk is surjective whenever G has a composition 
series as in (fTS]). that is, whenever (G, a) has finite depth. 

Finally, suppose that (G, a) is topologically transitive and let V be an open 
normal subgroup of G. Define Kq = Clkez'^'^i^)' ^^^^ G/Kq has finite depth. 
Then a corcstricts to an automorphism of G/Kq a-nd it follows by the previous 
paragraph that the map x M> x~^a''{x) is surjective on G modulo Kq. In particular, 
the map qyor/j, is surjective on G/V, where qv denotes the quotient map G — >■ G/V. 
Since this holds for every compact open subgroup V, it follows that "qtiG) is dense 
in G. On the other hand, 77^ is continuous and G is compact, so that %(G) is 
closed. Therefore rjk is surjective. □ 

The map rjk is generally not injective because there may be fc-periodic elements 
of G, that is, elements x satisfying a'^(x) = x. This occurs, for example, for 
{F'^,a), where the set of periodic elements is dense. Moreover, it is shown in [25} 
Theorem 5.7] that, if G is abelian and (G, a) has finite depth, then the set of 
points periodic for a is dense in G. The set of periodic points may fail to be dense 
if (G, a) does not have finite depth, as seen in [351 Examples 5.6]. For the case 
described in Example 15.111 the argument from [25] shows that the group lim G„ 
has no non-trivial 2''-periodic points for a. 

The final result shows that an element of a, not necessarily compact, group that 
is invariant modulo nub(Q;) is equal modulo nub(a) to an invariant element. 
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Proposition 7.2. Let G be a totally disconnected, locally compact group and let 
a e Aut(G). Suppose that x Cz G satisfies a(a;nub(a)) = a;nub(Q;). Then there is 
y (z X nub(Q;)) such that aijj) — y. 

Proof. Let h G nub(a) be such that a{x) = xh. Then for each g G nub(Q!) we have 
a{xg) — xha{g). Choose g such that ga{g^^) = h and put y = xg. □ 
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